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ABSTRACT

Predictive control algorithms calculate a series of the control signal values minimizing a quadratic cost function
evaluating the difference between the reference signal and the predicted process output in a given future horizon.
Minimizing the cost function constraints can be considered. With predictive control strategy better control
performance can be achieved than with the usual PID control algorithms especially in case of known reference
values and significant dead times. Optimization considering constraints can be a time consuming operation
especially in case of long prediction horizon. An important practical problem is decreasing the calculations
executed between the sampling points in real time applications. The paper presents some possibilities to reduce
the computation time. It is shown that exponential allocation of the considered points in the prediction horizon
instead of equidistant allocation and the appropriate choice of the allowed change points in the control signal
may provide a drastic decrease in computation time. Another approach to decrease the calculations is using the
Generalized Predictive Control (GPC) algorithm for unconstrained case and to handle the limitations set for the
control signal afterwards. For the case of stable plants GPC is transformed into internal model control (IMC)
structure. An effective aposteriori constraint handling is shown applying the controller dynamics in the feedback
of the static saturation.
Keywords: predictive control algorithms, coincidence points, blocking technique, IMC form of GPC, constraint
handling

1. INTRODUCTION
Predictive control algorithms calculate the actual and forthcoming control signal values in a given horizon
minimizing a quadratic cost function which evaluates the difference between the reference signal and the predicted
process output in a given future horizon. The future values of the reference signal are given in a lot of applications
(e.g. in robot control). The future values of the plant can be predicted from the model of the plant. The future
output is affected partly by the past inputs, and partly by the actual and future inputs which are optimized.
From the calculated control signal series only the first value is applied at the input of the process and in the next
sampling point the calculation is repeated (receding horizon strategy). Minimizing the cost function constraints
can be considered. The tuning parameters of the algorithm are the starting point and the length of the prediction
horizon, the control horizon (the supposed executive changes in the control signal) and the weighting factors in
the cost function.
The different predictive control algorithms differ mainly in the process model (linear or nonlinear, parametric
or nonparametric).
With predictive control strategy better control performance can be achieved than with usual control algorithms especially in case of known reference values and significant dead times. Receding horizon strategy will
ensure appropriate disturbance rejection and will decrease the sensitivity to plant-model mismatch.
Besides the PID control algorithms predictive control algorithms have reached a wide industrial acceptance
(Qin, 2003). This trend is increasing as effective industrial program packages are available for predictive control.
The control algorithm minimizes the cost function
J=
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u is the input, y is the output signal of the plant, yref denotes the future reference signal. ne1 is the starting
point, and ne2 is the end point of the control error horizon. nu denotes the length of the manipulated variable
horizon, which is also equal to the number of maximal allowed changes of the manipulated variable. d is the
mathematical dead time and λu indicates the weighting factor for the manipulated signal increments,
An important practical problem is reducing the calculations which have to be executed between the sampling
points. Optimization considering constraints can be a time consuming operation especially in case of long
prediction horizon. This problem becomes critical with small sampling periods. Real time applications would
require techniques reducing the computation time significantly. The paper considers some possibilities to reduce
the computation time of predictive control algorithms.

2. SAVING COMPUTATIONAL EFFORT USING COINCIDENCE POINTS AND
BLOCKING TECHNIQUE
Optimization considering constraints requires significant time if it has to be executed in a big number of points in
the prediction horizon. Using so called blocking and coincidence points techniques can reduce the computation
time while keeping the length of the horizon. With blocking technique, changes in the control (manipulated)
variable are supposed only in given predefined points during the calculation. Coincidence points mean considering
a number of appropriately located points in the prediction (control error) horizon. This way the length of
the prediction horizon is kept while the number of points where the calculation is executed can be reduced
significantly. Fig. 1. demonstrates the conception of blocking technique and coincidence points. Using both
techniques significant reduction of the number of the used points is possible; a reduction to only 10% of the
original number of points is not unusual.

(a) blocking technique

(b) coincidence points technique
Figure 1. Coincidence points and blocking technique

The reduction of the computational effort is only nearly linear with the number of the reduction of the points,
as the computational effort of prediction of points settled far in the future is more extensive than the computation
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of the points near to the actual point. This behavior can be demonstrated by the example of polynomial process
models in their predictive form.
Applied to a very simple example of a plant given by its pulse transfer function P (q −1 ) =
horizon length of 4 points with ne1 = 0 and ne2=3 the prediction equations are given by:
ŷ(k + 1|k)
ŷ(k + 2|k)
ŷ(k + 3|k)
ŷ(k + 4|k)

=
0.5y(k)
=
0.25y(k)
= 0.125y(k)
= 0.0625y(k) +0.5u(k + 3)

+0.5u(k + 2)
+0.25u(k + 2)

0.5q −1
1−0.5q −1

+0.5u(k)
+0.5u(k + 1)
+0.25u(k)
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and

(2)

It is clear that the computational effort for the calculation of the points which are far from the actual point
in the future (here at k + 4) is higher than the computational effort necessary for the computation of the points
close to the actual time point (here at k + 1).
Nevertheless it is still an unanswered question how to allocate these points in a given horizon. Many users
of industrial predictive control have some heuristic experience on how to allocate the points in the horizons but
beyond some simple rules of thumb no instructions on these techniques are known. Here a possible solution is
presented applying a two-stage optimization process, using a genetic optimizer to find the parameters for the
best possible control for a SISO (Single-Input, Single-Output) predictive controller.
The most important parameters of predictive control are the horizons (ne1 , ne2 , and nu ) and the weighting
factor λu . The horizons are characterized by integer values. A genetic optimizing algorithm has been used to
minimize a specified cost function, because it is able to handle integer variables as the optimization variable.
The optimization is done in a two-stage process:
1. The length of the control error and manipulated variable horizon were optimized without reducing the
computation points in the horizons,
2. The allocation of the computation points in both horizons were optimized so that the controlled signal
should approximate the controlled signal without reducing the computation points in the horizons.
Choice of the horizons
As most processes in industry can be approximated by an aperiodic second order process, such processes were
used as basis for the optimization approach. A number of processes have been investigated, all containing a
bigger and a smaller time constant between 1 and 30sec. (Tsmall and Tbig ). In all cases the sampling time was
∆T = 0.2sec.
The length of the horizons was optimized according to three criteria in case of a reference step input:
• the settling time,
• the maximum overshoot,
• the length of the horizons.
The third criterion was taken into consideration to prevent the optimization algorithm to make the horizons
longer than necessary in order to spare computation time. Therefore, the lengths of the horizons were considered
also, but only if they are longer than a useful value:
• control error horizon length: four times the sum of the time constants (ne2,max > 4TΣ )
• manipulated signal horizon length: the sum of the time constants (nu,max > TΣ )
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The optimization itself was performed by means of the genetic optimization algorithm written by (Sekaj,
2002). The cost function to be optimized was in all cases
J
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In the simulation all weighting factors were set to λ98% = λov = λe,hor = λu,hor = 1.
On the basis of the optimal results obtained for a number of processes the following rules of thumb can be
given for the optimal choice of the horizons:
• The beginning of the control error horizon should be
4% of the big time constant, thus: ne1 = 0.04 · (

Tbig −Tsmall
)
∆T

• The end of the control error horizon should be nearly:
(
Tbig
Tbig
−4 · ( Tsmall
+ 19)
for Tsmall
≥ 10
ne2 =
T
+T
Tsmall
big
small
1
(3) · (
+ 150) for Tb ig < 10
∆T
• The length of the manipulated variable horizon should be
(
T +T
Tbig
0.045 · big ∆Tsmall for Tsmall
≥ 10
nu =
Tbig +Tsmall
Tbig
0.055 ·
for Tsmall < 10
∆T
Reducing the number of points within the horizons
The next task was to reduce the large amount of point to Pe = 20 for the control error horizon and Pu = 10 for
the manipulated variable horizon.
The aim of the optimization process was to achieve a control with the reduced number of points that is
nearest to the control with the optimized size of the horizon but without blocking or using coincidence points.
The cost function to be optimized is described by
J
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yf ull controlled variable, controlled with all points in the horizons
yred controlled variable, controlled with a reduced number of points in the horizons
uf ull manipulated variable with all points in the horizons
ured manipulated variable with a reduced number of points in the horizons
Pe allocation of the points in the control error horizon
λPe weighting factor for the allocation of the points in the control error horizon
Pu allocation of the points in the manipulated variable horizon
λPu weighting factor for the allocation of the points in the manipulated variable horizon
TΣ
∆T

sum of all time constants of the process relative to the sampling time

λy,dev weighting factor for the error between the controlled variables with and without reduced horizons, here
chosen to be λy, dev = 1
λu,dev weighting factor for the error between the manipulated variable with and without reduced horizons, here
chosen to be λu, dev = 0.1
NB,ne is the (reduced) number of points in the control error horizon
NB,nu is the (reduced) number of points in the manipulated variable increment horizon
Fig. 2. demonstrates the control result of the genetic optimization process by solid lines. The step and
impulse responses of a considered sample second order system are given. The dashed lines show the performance
with the reduced number of points, the full lines give the original outputs. The reference signal is given by
dash-dotted line. Fig. 3. shows the location of the optimal coincidence points in the step response and in the
impulse response of the corresponding process.

Figure 2. Control with the optimal allocation of the reduced number of points in the horizons for a second order sample
process

The optimal blocking points can be also determined. From the investigations it can be concluded that the
best result can be achieved if the coincidence points are settled at the rising part of the impulse response of
the process. Also it can be seen that the coincidence points should be more on the rising part of the impulse
5
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Figure 3. Optimal allocation of the coincidence points for the sample process

response if the ratio between the big and the small time constant becomes bigger. On the other hand, if the ratio
between the time constants is lower, the points are located both on the rising part of the impulse response and
also at the maximum and on the early part of the falling part of the impulse response. This behavior may be
founded in the fact that the bigger the ratio between the time constants of a second-order process is, the more
the process can be approximated by a first-order process. In addition to this some few points are settled at the
very end of the step response, in a part of the response, where the process acts mostly static to the change in
the manipulated signal.

3. IMC REPRESENTATION OF UNCONSTRAINED GPC CONTROL WITH
APOSTERIORI CONSTRAINT HANDLING
Another approach to decrease the calculations is using the Generalized Predictive Control (GPC) algorithm for
unconstrained case and to handle the limitations set for the control signal afterwards. GPC gives a closed formula
to calculate the optimal control sequence. GPC can be transformed into a two degree of freedom polynomial
structure. For the case of stable plants this polynomial structure can be transformed into internal model control
(IMC) structure as well. An effective aposteriori constraint handling is shown applying the controller dynamics
in the feedback of the static saturation.
D.W. Clarke (1987) has derived the GPC (Generalized Predictive Control) algorithm for unconstrained
predictive control. This algorithm can be transformed to a 2DF so-called RST form, where R, S and T are
polynomials of the shift operator (Camacho, 1998). The degrees and the coefficients of the polynomials depend
on the tuning parameters of GPC.
In the paper this structure is converted to an IMC (Internal Model Control) structure. The IMC control
algorithm is given for stable plants. Then an effective aposteriori constraint handling is provided.

3.1. Equivalent GPC, RST and IMC algorithms
A. The GPC algorithm
The plant is given by ARIMAX model
A(q −1 )y(t) = B(q −1 )u(t − 1) + T (q −1 )

e(t)
∆

(5)

where u(t) is the sampled input signal, y(t) is the output signal, e(t) is the zero mean value noise, d is the
discrete dead time. Polynomials A, B and C are functions of the q −1 shift operator.
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A(q −1 ) = 1 + a1 q −1 + . . . + ana q −na
B(q −1 ) = b1 q −1 + . . . + bnb q −nb
C(q −1 ) = 1 + c1 q −1 + . . . + cnc q −nc
and
∆ = 1 − q −1
The cost function:
J=

ne2
X

2

δ(j) [ŷ(t + j|t) − yref (t + j)] +

j=ne1

nu
X

2

λu (j) [∆u(t + j − 1)]

(6)

j=1

δ(j) and λ(j) are weighting factors. Let us arrange them in diagonal matrices δ and λu . By minimizing the
cost function the following control rule is obtained:
h
i−1
∆u = H∆ T δH∆ + λu
H∆ T δ (yref − ŷfree )

(7)

Here matrix H∆ is a lower triangle matrix containing the points of the discrete step response. ŷfree gives
the free response of the process, giving the effect of the past inputs to the system responses in the future points,
supposing that the input signal is frozen at point t − 1. If δ is a unity matrix and λu is a constant, then
h
i−1
∆u = H∆ T H∆ + λu I
H∆ T (yref − ŷfree )

(8)

With the receding horizon strategy only the first element of ∆u is applied as process input, and in the next
sampling point the procedure is repeated (receding horizon strategy).

∆u(t) = K (yref − ŷfree ) =

N2
X

ki [yref (t + i) − yf ree (t + i)]

(9)

i=N1

h
i−1
where K is the first row of matrix H∆ T H∆ + λu I
H∆ T .
B. RST form of the GPC algorithm
The control algorithm is required in the following form:
R(q −1 )∆u(t) = T (q −1 )r(t) − S(q −1 )y(t)

(10)

where R,S and T are the polynomials of the shift operator.
The control structure is shown in Fig. 4.
The RST structure is obtained from the GPC algorithm as follows (Camacho, 1998).
Let us solve the Diophantine equation below:
T (q −1 ) = Ej (q −1 )∆A(q −1 ) + q −j Fj (q −1 )
7
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Figure 4. 2DF RST control structure

The solution provides polynomials Ej and Fj .
Then a second Diophantine equation is to be solved.
Ej (q −1 )B(q −1 ) = Hj (q −1 )T (q −1 ) + q −j Ij (q −1 )

(12)

The solution gives polynomials Hj and Ij . Polynomials R and S are calculated by the following relationships:
N2
P

T (q −1 ) + q −1
R(q

−1

k i Ii

i=N1

)=

N
P2

(13)

ki

i=N1
N
P2

S(q

−1

)=

ki Fi

i=N1
N
P2

(14)
ki

i=N1

One advantage of this form is that the controllers can be given in advance. On the other hand the characteristic
equation can be given and the stability can be checked based on its roots.
C. IMC form of the GPC algorithm
The RST structure can be converted to IMC (Internal Model Control) structure according to Fig. 5.

Figure 5. 2DF IMC control structure

If there is no disturbance and no plant-model mismatch, the performance of the control system between
the reference signal r and the output signal y is determined by the forward path. In case of disturbance or
plant-model mismatch the feedback becomes active to reject the effect of the disturbance. With filters Fr and
Fw the dynamics of tracking and disturbance rejection will be different.
The IMC and the RST structure will be equivalent, if the controller C in the IMC structure (Fig. 5.) is
chosen according to the following relationship.
8
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C(q −1 ) =

Fw

S(q −1 )A(q −1 )
+ S(q −1 )B(q −1 )q −d )

(q −1 ) (R(q −1 )∆A(q −1 )

T (q −1 )
Fr (q −1 )
=
S(q −1 )
Fw (q −1 )

(15)

(16)

The simplest choice if Fr = T , and Fw = S.
The controller C can be considered as a quasi-inverse of the process. The characteristic equation is the
denominator of controller C.

3.2. HANDLING OF CONSTRAINTS
In practical applications the control signal can change between its lower and upper limits. Saturation besides
opening the control circuit and modifying the transient performance may cause integrator windup phenomenon
and limit cycles.
In polynomial RST or IMC predictive control structures saturation has to be handled. Fig. 6(a) shows the
simple saturation in the RST structure, while Fig. 6(b) shows saturation effect in the IMC circuit.

(a) RST

(b) IMC

Figure 6. RST and IMC structure with saturation

IMC structure in this respect is expected to behave better, as the model of the plant is saturated in the same
way as the plant itself.
The behavior of the IMC structure can be improved, if the whole dynamics of the controller is put in the
feedback of the static nonlinear characteristics (Fig. 7), (Barta, 2005) . The controller in the feedback of the
saturation is obtained by
Clim (q −1 ) =

C(q −1 ) − 1
C(q −1 )

Figure 7. IMC structure with the controller dynamics in the feedback of the saturation dinamikja
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In case of the same degree of the numerator and denominator in Clim , an algebraic loop is obtained. Separating
the constant part of the controller and including it in the slope of the saturation characteristics this problem is
solved.
Example
Let us consider a simple example. The plant is a first order lag with transfer function P (s) =
parameters of the predictive controller are:

1
1+s .

The tuning

• N1 = 1
• N2 = 3
• Nu = 1
• λu = 0
The parameters of the RST structure are:
• R = 0.2037
• S = 2.9366 − 1.9366q −1
• T =1
The parameters of the IMC structure:
• Fr = 1
• Fw = 2.9366 − 1.9366q −1
• C=

4.9098−4.443q −1
1−0.5328q −1

The pulse transfer function of the controller in the feedback of the saturation:
Clim (z) =

0.7963q − 0.7963
q − 0.9048

Fig. 8. shows the output and the control signals for step reference input without and with saturation of value
±2.5. A unit step disturbance is acting at point 10sec. It is seen that the feedback saturation gives the most
favorable behavior.

4. SUMMARY
Optimisation considering constraints can be a time consuming operation especially in case of long prediction
horizon. An important practical problem is decreasing the calculations executed between the sampling points in
real time applications. The paper presents some possibilities to reduce the computation time. The calculations
can be decreased significantly by using the coincidence points in the prediction horizon and blocking technique
relating the control (manipulated variable) horizon. It is shown that by an optimal choice of the location of the
points considered in both horizons the computation effort can be drastically decreased. Another approach is
using the Generalized Predictive Control (GPC) algorithm for unconstrained case and to handle the limitations
set for the control signal afterwards. For the case of stable plants GPC is transformed into internal model control
(IMC) structure. An effective aposteriori constraint handling is shown applying the controller dynamics in the
feedback of the static saturation.
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(a) without saturation

(b) with saturation

Figure 8. RST and IMC control of a first order lag system without and with saturation
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