
  



  

George Mason University
USA

Regularized Newton Method For Unconstrained Convex 
Optimization 

Roman A. Polyak

RPOLYAK@GMU.EDU



  



  

RRf n →:

2
1

),( xxx =

2)(5.0)(),( xyxfyfyxF −∇+=

)(|),( xfyxF xy ==

Convex

is bounded

1. 

2. 

3. 

{ } φ≠∈=∗ nRxxfAryX )(min

)(|),( xfyxF xyy ∇=∇ =

)()()(|),( 22 xHIxfxfyxF n
xyyy =∇+∇=∇ =



  

{ }nRyyxFxy ∈= ),(minarg)(

∞<<≤∈ )()(0:)( xMxmxdomfx

222 )(),)(()( yxMyyxfyxm ≤∇≤

)())((:ˆ 12 xfxfxx ∇∇−= −

 then there exists a unique 

Regularized Newton Step

*Xx ∉if

)())((:ˆ 1 xfxHxx ∇−= −



  

)())(()( 1 xfxHxr ∇−= −

)())(()( 12 xfxfxn ∇∇−= −

nnOxf ,2 )( =∇

)(
)()(
xf
xfxr

∇
∇−=

)),(()()( xyxgxfyf −≥−

)(
)()(
xg
xgxr −=

4. 

5.

−=∇ )(:)( xgxf subgradient



  

nRd ∈

dxf
dxfdq

)(
)),(()(

∇
∇−=

)()()( xrxHxf −=∇

)()(
))(),()(())((

xrxf
xrxrxHxrq

∇
=

)()(
)())()(( 2

xrxf
xrxfxm

∇
∇+

≥

)()(
))(),(())((
xrxf
xrxfxrq

∇
∇−=

{ } 1)
)(
)((1|)(max =

∇
∇−=≤

xf
xfqddq



  

)())()(()()()( xrxfxMxrxHxf ∇+≤≤∇

1))()()()()(())(( −∇+∇+≥ xfxMxfxmxrq

1)()()())(( 1 ≤=≥ − xxMxmxnq κ

)()(
)())(1(
xfxM
xfxk

∇+
∇−

=

)(
)(

)()(
)()(

))(())((
xM
xm

xfxM
xfxm

xnqxrq −
∇+
∇+

=−



  

12 ))(()( −∇⇔ xfxn ∗∈∀ Xx

)(xr

)(xr

∗∈∀ Xx

Existence

 for 

1.  always exists

 is always a descent direction2.

3. ,0)(())(( >− xnqxrq



  

{ }ρρ ≤−= ∗∗ xxxxS :),(

yxLyfxf −≤∇−∇ )()( 22

),(),)((),( 2 yyMyyxfyym ≤∇≤

∞<<< Mm0

Regularized Newton Methods

              
        (1)

       
       
  (2)

)())()((ˆ 12 xfIxfxfxx ∇∇+∇−= −



  

1)()5.0( 2 <∇+= − xfmLmr

rLmm 1)5.0( −+≤ρ

Theorem  If (1)-(2) are satisfied, then for any 

s

r
Lm

mxx s 2

2
2

+
≤− ∗

{ } ρρ ≤−= ** :),( xxxxS

the following bound holds

),( *0 ρxSx ∈



  

2
2 )(5.0)ˆ( xf

m
Lmxf ∇+≤∇

2

2

2

)(5.0
5.0






 ∇+

+
= xf

m
Lm

Lm
m

1)(5.0
2 <∇+= xf

m
Lmr

s

r
Lm

mxf s 2
2

5.0
)(

+
≤∇



  

∗−≥∇ xxmxf °° )(

Lm
rmxf
5.0

)(
2

+
=∇ °

r
Lm

mxx
5.0+

≤− ∗°

r
Lm

m
5.0+

=ρ

5.00 << σ

σσσ −− ∇≤∇∇+≤∇ 22

2 )()()(5.0)ˆ( xfxfxf
m

Lmxf



  

))(),(()())(( xnxfctxfxtnxf ∇+≤+

12 ))(( −∇ xf

nnxf .2 0)( =∇

Global Convergence of the Regularized  Newton Method
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Algorithm (Global Regularized Newton Method)

Initialization
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step 1: ,ˆ: xx = ,)( ≤ ∈∇ xf then stop and output .: xx =∗

step 2: If )(2 xf∇ exists and ,)( 0mxm ≥ ,)( 0MxM ≥ then go to step 7
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Find )(xr from (5).
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step 6: Set xx ˆ:= go to step 3.

step 7: Find )(xr from (5), set 1=t and find x̂ from (6)
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Using the initialization values: 

,0.30 =x ,1.0=σ ,10 =m 70 =M 1−= st s
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The grmn generates the following sequence:  

.
;103.8;102.1;106.6

;0063.0;064.0;21.0;40.0
;63.0;92.0;17.1;5.1;0.2;0.3
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