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f:R" - R Convex

X = Arjymiﬂ[f(x)‘xD Rn] * ¢ is bounded

1
= ()2

F(x,»)= f()+ 050 f)ly-
1 FGp) .. f()

2. 0 ,F(x,»),..= 0f(x)

3. 02 F(6)) | 02+ L@ = H(x)
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e000
if xU X then there exists a unique 444+

y(x) = arg min[F(x, y)‘y 0 R”]

Regularized Newton Step

xU domf(x):0< m(x)< M(x)< o

m € @2 f )y, € M@
= x- (H(x)'0f(x)

f=x- 07 f(x0)) ' If(x)



r(x)= - (H(x))'0f (%)

n(x)= -(0°f(x) DS (x)

12 f(x)= 0"

__ US>
4. r(x) = HDf(x)H

S~ f(x)2 (g(x),y- x)

Jf(x) = g(x)- subgradient

5 I {C)
" e
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max{q(d)||d] < 1 = 4(- S )= 1
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_ 0/ x),r(x)

W= g ol o

Uf(x)= - Hx)r(x)

(H (x)r(x),r(x))
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Pres [#@l-ef s 16o+ [0l

q(r(x)) 2 (m(x)+ [0f DM () + [0 Gy

g(n(x))2 m(x)M "(x)= k (x)< 1

m)+ LSO m(x)
M@+ r] M@

q(r(x)) - q(n(x)) =

_ (- k)PS0
M(x)+ |01 ()
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3.

Existence

n(x) « (0°f(x)) " for

r(x) always exists

OxT X°

r(x) is always a descent direction

q(r(x))- q(n(x)> 0,

OxT X°




Regularized Newton Methods

F=x- 07+ [BfGD D)

S(x",p)= [x:Hx- xDHS p]
02 r)-0% )< Lx-

m(y,y)s (0°f(X)y,»)s M(»,»)

0K m< M<w

(1)




r=(mt O.SL)m'ZHDf(x)H <1

p<m(m+ 05L)'r

S(x,p)= [x:Hx- X ]S P

Theorem If (1)-(2) are satisfied, then for any x° 0 S(x",p)

the following bound holds




m t ()SLHD](,(X)H

m’ an OSL

m+ 0.5L 1 P/ (X)HH

. m + OSLHDf(x)H

¢ " 2
m+ 0.5L
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P m+t 0.5L

0<o <0.5
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Global Convergence of the Reqularized Newton Method

= x- 007 f(x) "D f(x)= x+ tn(x)
fxt m(x) s f(x)+ ct(0f(x),n(x))
(0°f(x))"" does not exists

0°f(x)= 0"

f= x- 020+ A0S @)

@)
Vs

x =Xt -t ()0 fF(x)

=>
1

= x- () f(x)

Regl"arized Newton D gradient method
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[0 G)-07G)x- )2 mlx-Hf m> 0 (4)

B.T. Polyak 1963

If (3) is satisfied, and f(x)2 f(x')> - thenfor 0< ¢(x,)= < 2M"'
(1)  f()> f(>x™) and im0 f(x*)= 0
(2) if (3)and (4) are satisfied then

0< g(¢)= 1- 2tm+ Mmt’, gM ™= ngionq(t): 1- mM™!

= < 2m7 g (F ()= £




U/ (%) does not exist

12 f(x)= 0"
g(x): /(1) f(x)2 (g(x),y- x)

always exists and for x T X° &x)# 0

Regularized Newton || subgradient method

g(x)
e




N. Z. Shor 1962, 1964

s+l _ -1

RS FCYHED

X, ={xif@eranf £20.5>0

mion- xDHS 0.5t(1+ ¢)
x X
Yu. M. Ermol’ev 1966, B.T. Polyak 1967

2.} ra), - 0 b)y t,=w

§ = min f(x)

I€i<s

limf, = f(x)

=0

limmionS - X
o X X"




H(x)r(x) = -Uf(x)

12f(x)= 0"
1)
" D)

If U/ (x) does not exists then

()= - £
S WY

xX=xt tr(x)

(9) oo

(6)



Algorithm (Global Regularized Newton Method)

Initialization

00

Given accuracy [ > () sequence {fS}S:O which satisfies,

Cl)fs 5 0
b)z t =
small enough 0 > 0, m; > 0, large enough M > 0

and a starting point ~ x° 0 domf (x)

Set ¢ = f(x"),s=0,§=¢,%=x"




step1: X=X, |0/ (x)|<0, then stop and output X =X

step 2: If 07f(x) exists and m(x) 2 m,, M(x)2 M,,then go to step 7

step 3: Set I°f(x)= O™ If [ f(x)does not exist, then [ f(x) = g(x).
Find 7(x) from (5).

step 4: Set t=t,,5:= s+ 1 and find X from (6).

step 5: If f(¥)< ¢, then § = f(X) go to step 1.
step 6: Set x:= x 9o to step 3.
step 7: Find 7(X) from (5), set =1 and find x from (6)
step 8: If [0/ (D> [0/
Then ¢t:= 0.5m,M,",find X from (6),

step 9: set ¢ := f(x)and go to step 1.



Theorem 2. If condition (1) and (2) are satisfied, then the
grnm sequence converges to the unique solution forom any

starting point X, U domf (x) with asymptotic quadratic rate, i.e.

for a given 0 <r <1, thereis s, > 0 such that
HxSO - x*HS m(m+ 0.5L) 'r

and the following bound holds




Example
- 3x- 2, —o < x< L
fi(x): El(xz + x4), - 15 x < 1,
12
@3)6_2, 1< x< o,

116 16 i
X)= max—x- 8, —x- 8
f>(x) H3 3 %

£(x) = max{ £, (x), £, (x)
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Example

Using the initialization values:

x0:3.0,0 :0.1, m(): 19 M(): 7and ts - S_

1

The grmn generates the following sequence:

3.0;2.0;1.5:1.17;0.92;0.63;
0.40;0.21;0.064:0.0063;

6.6x107°:1.2x 107*:8.3%x 107'°;--




