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Abstract—Rejection of the bounded exogenous disturbances was ﬁrst studied by the l1 -optimization theory. A new approach to this problem was proposed in the present paper on the basis
of the method of invariant ellipsoids where the technique of linear matrix inequalities was the
main tool. Consideration was given to the continuous and discrete variants of the problem.
Control of the “double pendulum” was studied by way of example.
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1. INTRODUCTION
Rejection of exogenous disturbances is one of the main problems in the control theory. It is
studied both by the linear quadratic Gaussian optimization where the disturbance is assumed to
be random and the H∞ -optimization where the noise is regarded as random or belonging to the
class L2 , that is, decreasing with time.
The interest in the problem of rejection of the arbitrary bounded exogenous disturbances attracted interest of the researchers as early as in the middle of the last century. B.V. Bulgakov
considered the so-called problem of disturbance accumulation already in the 1940’s [1]. Yet then
the main attention was focused on analysis, that is, on what is the maximum deviation caused
by the arbitrary bounded exogenous disturbances, which in essence is the problem of the optimal
open-loop control because the exogenous disturbances were considered as controls. The works on
compensation of the bounded disturbances (see [2]) appeared much later, though they did not
propose any methods for design of optimal controllers.
The problem proper of optimal rejection of the arbitrary bounded disturbances was formulated
by E.D. Yakubovich [3], and for some special cases it was solved in [3–5]. The full solution was
constructed in the works of A.E. Barabanov and O.N. Granichin [6] and later on, of M.A. Dahleh
and J.B. Pearson [7]. This problem was later on christened the l1 -optimization. Nevertheless,
the methods of l1 -optimization have some fundamental disadvantages of which we mention only a
rather high order of the resulting optimal controllers and the asymptotic nature of the estimates.
Along with the l1 -optimal control, methods of dynamic programming for such problems are known
as well [8–10].
The aforementioned results concern the discrete systems. Their generalization to the continuous case (L1 -optimization) creates additional problems. On the whole, rejection of the arbitrary
bounded disturbances is traditionally regarded as a diﬃcult problem of the control theory [11, 12].
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We propose another approach to this problem which relies on the method of invariant sets, on
the invariant ellipsoids in particular. The invariant sets ﬁnd rather wide use in various problems of
the theory of guaranteed estimation, ﬁltering, and minimax control in the dynamic systems under
uncertainties. In this ﬁeld, the works of F.C. Schweppe [13], D.P. Bertsekas [9, 14], A.B. Kurzhanskii
[15], and F.L. Chernous’ko [16] may be regarded as fundamental. We note that the invariant
sets often prove to be useful approximations, for example, of the reachability domains of the
dynamic systems, which enables their wide use in analysis. Yet, the concept of invariance also
is actively used in other divisions of the theory of systems and automatic control (see the review
of F. Blanchini [17]). The ellipsoidal approximation of the reachability set of the linear discrete
system was discussed in [18].
The present work formulates the problem of rejection of the arbitrary bounded exogenous disturbances in terms of the invariant ellipsoids. Consideration is given to the design of the static
state feedback minimizing the size of the invariant ellipsoids of the dynamic system. At that, one
succeeds in reducing the original problems of control analysis and design to the equivalent conditions in the form of linear matrix inequalities and the problem of semideﬁnite programming which
readily yield to numerical treatment.
It deserves noting that the popular technique of linear matrix inequalities (LMI) [19] was already
used for the similar purposes of disturbance rejection [19–21]. The paper [20] where the authors
solve the problem of analysis and design under bounded disturbances for continuous systems provides an example. The present paper used the method of invariant ellipsoids to establish similar
results for the discrete systems as well. A more detailed comparison with [20] is made in what follows. The proposed approach enables one to establish simple optimal controllers and, in our view,
has great potentiality for generalizations. The paper also considers the continuous and discrete
variants of the problem, as well as the numerical example of control of the “double pendulum.”
Preliminary results were reported at conferences [22, 23].
2. INVARIANT ELLIPSOIDS. ANALYSIS
2.1. Continuous Linear System
Let us consider a continuous-time stationary dynamic linear system
ẋ = Ax + Dw,

(1)

y = Cx,

where x(t) ∈ Rn is the system phase state, y(t) ∈ Rl is the system output, w(t) ∈ Rm are the
exogenous disturbances bounded at each time instant, and
w(t)  1

∀t  0

(2)

with  ·  for the Euclidean norm of the vector. Therefore, we consider the L∞ -bounded exogenous
disturbances. We note that no other constraints are imposed on the disturbances w(t)—for example,
they are not assumed to be random or harmonic.
We assume that system (1) is stable, that is, A is a Hurwitzian matrix with negative real parts,
the pair (A, D) is controllable, and C is the maximum-rank matrix. We determine the family of
invariant ellipsoids of this system.
Definition 1. The ellipsoid with the center at the origin


Ex = x ∈ R n :



xT P −1 x  1 ,

P > 0,
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is referred to as invariant to the variable x (in state) for the dynamic system (1), (2) if it follows
from the condition x(0) ∈ Ex that x(t) ∈ Ex for all time instants t  0. P will be called the matrix
of the ellipsoid Ex .
Stated diﬀerently, any system trajectory x(t) going out of a point lying within the ellipsoid Ex
belongs to this ellipsoid at any time. The ellipsoid invariant to the variable y, that is, system
output, is determined in a similar way. It obeys the expression


Ey = y ∈ Rm :



y T CP C T

−1



y1 ,

where P > 0 is the matrix of the invariant ellipsoid Ex .
The invariant ellipsoids may be regarded as the characteristic of the impact of the exogenous
disturbances on the trajectories of the dynamic system. In the case under study, we have to
estimate the degree of inﬂuence of the exogenous disturbances w(t) on the system vector y(t). In
this connection, we are interested in the minimal-in-a-sense invariant ellipsoids Ey .
Here we consider the trace criterion


f (P ) = tr CP C T



(4)

which corresponds to the sum of the quadrates of the semiaxes of the ellipsoid invariant to the
output of the
original
system as the objective function. Some other functions—for example,


T
g(P ) = det CP C which is proportional to the volume of the ellipsoid Ey or the operator norm
h(P ) = CP C T  of the matrix CP C T which corresponds to the value of the greatest semiaxis
of the ellipsoid Ey —can be regarded as criteria. In virtue of its linearity, the trace criterion (4),
however, is the simplest one. Consequently, the degree of inﬂuence of the L∞ -bounded exogenous
disturbances w(t) on the system output y(t) comes to determining the invariant ellipsoid which is
minimal in the criterion f (P ). Since the system is assumed to be stable, there exists a ﬁnite unique
invariant ellipsoid minimizing any of the aforementioned functions.
The invariant ellipsoids were considered before as approximations of the reachable set


R = x ∈ Rn :

x = x(t), t  0 is the solution of (1), (2) for x(0) = 0 .

It is clear that, generally speaking, R is not an ellipsoid but rather some closed bounded convex set
and at that R ⊂ Ex . However, Ex (even it is is minimal in terms of some criterion) may be a very
bad approximation of R (see an example in [24]). From this point of view, the approach based on
the invariant ellipsoids was criticized [24] as overconservative, that is, providing only suboptimal
solutions. By the opinion of the present authors, the notion of invariant ellipsoid is more useful
and robust as compared with the reachability set where it is assumed that the initial conditions are
zero. Yet a small deviation in the initial condition may drive the trajectory outside the boundaries
of R. For the invariant ellipsoid, it is possible to take into account the initial uncertainty


x(0) ∈ E0 = x :



xT P0−1 x  1 ,

P0 > 0,

and require that E0 ⊂ Ex , that is,
P  P0 .

(5)

In what follows, we as a rule include the initial uncertainty, that is, condition (5), in the deﬁnition of Ex .
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Note 1. If the initial condition x(0) = 0 is deﬁned directly, then the condition
xT (0)P −1 x(0)  1
which is obviously representable as the matrix linear inequality
I xT (0)
x(0) P,

0

will be used instead of the constraint (5) on the matrix P .
Theorem 1. The ellipsoid Ex of the form (3) is state-invariant for the dynamic system (1) with
L∞ -bounded exogenous disturbances if and only if for some α > 0 the matrix P satisfies the matrix
linear inequality
AP + P AT + αP +

1
DDT  0,
α

P  P0 .

(6)

Theorem 1 is proved in the Appendix.
Corollary 1. The invariant
ellipsoid of system (1), (2) which is minimal relative to the criterion

f (P ) belongs for E0 = 0 to the one-parameter family of ellipsoids generated by the matrices P (α)
satisfying the Lyapunov equation
AP + P AT + αP +

1
DDT = 0
α

(7)

over the interval 0 < α < −2 max Re λi (A), where λi (A) are the eigenvalues of the matrix A. At


i



that, the function ϕ(α) = tr CP (α)C T is strictly convex over the mentioned interval.
Corollary 1 is proved in the Appendix.
One can readily see that all minimal invariant ellipsoids satisfy Eq. (7) independently of the
particular criterion. This corollary enables one to conﬁne the search for the minimum invariant
ellipsoid to the one-parameter family (7), which reduces the problem to the one-dimensional convex
minimization over a ﬁnite interval.
2.2. Discrete Linear System
Similar deﬁnitions will be introduced for the discrete dynamic linear system
xk+1 = Axk + Dwk ,

(8)

yk = Cxk ,

where xk ∈ Rn is the system phase state, yk ∈ Rl is the system output, and wk ∈ Rm are the
exogenous disturbances that are bounded at all time instants,
wk   1,

k = 0, 1, 2, . . . .

(9)

Therefore, we consider the l∞ -bounded exogenous disturbances.
We assume that system (8) is stable, that is, A is a Schur matrix whose eigenvalues lie within
the unit circle, the pair (A, D) is controllable, and C is the maximum-rank matrix. We deﬁne the
family of invariant ellipsoids of the given system.
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Definition 2. The ellipsoid centered at the origin




Ex = xk ∈ Rn :

−1
xT
xk  1 ,
kP

P > 0,

(10)

is referred to as invariant to the variable xk (in state) for the discrete dynamic system (8), (9) if
it follows from the condition x0 ∈ Ex that the condition xk ∈ Ex is satisﬁed at all time instants
k = 1, 2, . . . . By the matrix of the ellipsoid Ex is meant the matrix P .
Like in the continuous case, if Ex deﬁnes for system (8) the invariant ellipsoid (in state xk ) with
the matrix P , then the ellipsoid


Ey = y k ∈ R m :



ykT CP C T

−1



yk  1

with the matrix CP C T will be invariant to the output of system yk . At that, function (4) deﬁnes
the size of the invariant ellipsoid Ey . We also assume that x0 lies within the ellipsoid E0 .
Theorem 2. For the dynamic system (8) with the l∞ -bounded exogenous disturbances, the ellipsoid Ex of the form (10) is invariant if and only if the matrix P satisfies the linear matrix
inequality
1
1
AP AT − P +
DDT  0,
α
1−α

P  P0 ,

(11)

for some α ∈ (0, 1).
Theorem 2 is proved in the Appendix.
Corollary 2. The invariant
ellipsoid of system (8), (9) which is minimal with respect to the

criterion f (P ) for E0 = 0 belongs to the one-parameter family of the ellipsoids generated by the
matrices P (α) satisfying the discrete Lyapunov equation
1
1
AP AT − P +
DDT = 0
α
1−α

(12)

over the interval ρ2 (A) < α < 1, where ρ(A) = max |λi (A)| is the spectral radius of the matrix A.




i

At that, the function ϕ(α) = tr CP (α)C T is strictly convex over the mentioned interval.
Corollary 2 is proved in the Appendix.
Therefore, the search for the minimum invariant ellipsoid comes to the one-dimensional convex
problem of minimization in the family generated by Eq. (12).
3. INVARIANT ELLIPSOIDS. DESIGN
To compensate the impact of the arbitrary bounded exogenous disturbance on the output of the
stationary dynamic system, we consider a static controller in the form of the state feedback. The
proposed approach to the design of control lies in deﬁning the desired optimal controller minimizing
the eﬀect of exogenous disturbances by the least invariant ellipsoid of the closed-loop system. This
section considers successively the continuous and discrete cases.
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3.1. Continuous Controllable System
Let us consider the controllable linear system
x(0) ∈ E0 ,

ẋ = Ax + B1 u + Dw,

(13)

y = Cx + B2 u,

where x ∈ Rn is the system phase state, y ∈ Rl is the system output, u ∈ Rp is the control, and
w ∈ Rm is the exogenous disturbance satisfying the constraint (2). At that, the system matrix A
is not assumed to be Hurwitzian, but the matrix pair (A, B1 ) is controllable and also B2T C = 0.
We aim at ﬁnding a controller K in the form of a static linear state feedback
u = Kx,

(14)

which stabilizes the closed-loop system and optimally rejects (in the sense of minimality of the
trace of the invariant output ellipsoid) the eﬀect of the exogenous disturbances w(t). We note that
the presence of the nonzero component B2 u in (13) is only natural and allows one to avoid great
values of control.
With regard for (14), system (13) takes the closed-loop form
ẋ = (A + B1 K)x + Dw,

(15)

y = (C + B2 K)x.

The results of Section 2.1 on determination of the minimal invariant ellipsoid give rise to the following theorem where the search for the optimal controller is reduced to the problem of semideﬁnite
programming and one-dimensional convex minimization.
Theorem 3. For the controllable system (13), let the exogenous disturbances be L∞ -bounded and
the pair (A, B1 ), controllable. Then, the problem of designing a static controller by state (14) which
rejects optimally (in the sense of the trace that is output-invariant to the ellipsoid) the exogenous
disturbances is equivalent to that of minimization of
tr CP C T + B2 ZB2T −→ min

(16)

under the constraints
AP + P AT + αP + B1 Y + Y T B1T +
Z Y
YT P

 0,

1
DDT  0,
α

α > 0,

(17)

P  P0 ,

(18)

where Y = KP , and minimization is carried out with respect to the variables α ∈ R, P = P T ∈
Rn×n , Y ∈ Rp×n and Z = Z T ∈ Rp×p .
Theorem 3 is proved in the Appendix.
Note 2. It would be of interest to prove an assertion about the strict convexity of the objective
function and the interval boundaries for the parameter α which is similar to Corollary 1. We just
note that there exists an α∗ > 0 such that for α  α∗ the Lyapunov inequality has no positive
deﬁnite solution and the system of linear matrix inequalities from the condition of Theorem 3
becomes contradictory.
AUTOMATION AND REMOTE CONTROL

Vol. 68

No. 3

2007

REJECTION OF BOUNDED EXOGENOUS DISTURBANCES

473

 minimize (16) under constraints (17) and (18). Then, the optimal controller
 , P , Y , and Z
Let α
 = Y P −1 . At that,
is established from the expression K

umax =

max

−1 x1
xT P

 =
Kx



P K
T .
K

We note that under a ﬁxed α this problem comes to that of minimization of the linear function
(16) under constraints (17) and (18) representing the linear matrix inequalities, that is, to the semideﬁnite programming problem which belongs to the class of convex optimization problems. There
exist numerous packages for its numerical solution such as SeDuMi Toolbox, YALMIP Toolbox,
and also LMI Toolbox of the Matlab system.
Within the framework of the present approach to the rejection of the exogenous disturbances,
it is only natural to introduce constraints on control. Let u ∈ Rp , μ > 0, and
u  μ.

(19)

The following lemma reduces the last constraint to an equivalent linear matrix inequality.
Lemma 1. Let a controllable system (13) with L∞ -bounded exogenous disturbances and control
like u = Kx be given, P define the matrix of the invariant ellipsoid Ex of the system, and Y = KP .
Then, constraint (19) amounts to satisfying the linear matrix inequality
P YT
Y μ2 I

0

(20)

for the matrices P and Y ,
Lemma 1 is proved in the Appendix.
Note 3. Lemma 1 fully retains its validity in the discrete case.
For the closed-loop system (15), while proving Theorem 3 we construct a Lyapunov function V (x)
such that V̇ (x)  0 for V (x)  1 and wT w  1. It is only natural to seek an L∞ -bounded exogenous
disturbance w∗ (t) maximizing V̇ (x).
Lemma 2. For the linear continuous controllable system (13), the exogenous disturbance w∗ (t)
obeys the formula
DT P −1 x(t)
w∗ (t) = 
.
D T P −1 x(t)
In particular, for m = 1,




w∗ (t) = sgn DT P −1 x(t) .
Lemma 2 is proved in the Appendix.
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3.2. Discrete Controllable System
We present a discrete counterpart of the above discussion. Let us consider a discrete linear
controllable system
x0 ∈ E0 ,

xk+1 = Axk + B1 uk + Dwk ,

(21)

yk = Cxk + B2 uk ,

where xk ∈ Rn is the system phase state, yk ∈ Rl is the system output, u ∈ Rp is the control, and
wk ∈ Rm is the exogenous disturbance satisfying constraint (9). At that, A is not assumed to be a
Schur matrix, but the pair (A, B1 ) is controllable, and also B2T C = 0.
Needed is to determine a controller K in the form of the static linear state feedback
uk = Kxk ,

(22)

providing the output-invariant ellipsoid that is minimal by the trace criterion (4).
With regard for (22), system (21) takes the closed-loop form
xk+1 = (A + B1 K)xk + Dwk ,

(23)

yk = (C + B2 K)xk .
The following theorem is the discrete counterpart of Theorem 3.

Theorem 4. Let for the discrete controllable system (21) the exogenous disturbances be
l∞ -bounded and the pair (A, B1 ) be controllable. Then, the problem of designing a controller which
is static by the state (22) and rejects optimally (in the sense of the output trace of the invariant
ellipsoid) the exogenous disturbances is equivalent to the problem of minimizing the linear function
tr CP C T + B2 ZB2T −→ min

(24)

under the constraints

DDT
1
 0,
AP AT + B1 Y AT + AY T B1T + B1 ZB1T − P +
α
1−α
Z Y
 0, P  P0 ,
YT P

α < 1,

(25)
(26)

where Y = KP , minimization is carried out with respect to the variables α ∈ R, P = P T ∈ Rn×n ,
Y ∈ Rp×n and Z = Z T ∈ Rp×p .
Theorem 4 is proved in the Appendix.
 minimize (24) under constraints (25) and (26). Then, the optimal controller
 , P , Y , and Z
Let α
 = Y P −1 . At that,
is established from the expression K
uk max =

max

−1 xk 1
xT
P
k

 k=
Kx



P K
T .
K

We note that under constraints (25) and (26) and for ﬁxed α, the minimization problem (24) is
that of semideﬁnite programming.
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Note 4. One can readily see that B2T C = 0 is not a restrictive requirement. If it is not satisﬁed,
then all the above results (in particular, Theorems 3 and 4) retain their validity, and only the
relations for the objective functions (16) and (24) will undergo obvious changes:
tr CP C T + B2 Y C T + CY T B2T + B2 ZB2T −→ min .
The Lyapunov function V (xk ) for closed-loop system (23) such that V (xk+1 )  1 for V (xk )  1
and wT w  1 is constructed in the course of proving Theorem 4. It is only natural to determine
an l∞ -bounded exogenous disturbance wk∗ maximizing V (xk+1 ).
Lemma 3. For the linear discrete controllable system (21), the disturbance wk∗ for m = 1 obeys





wk∗ = sgn DT P −1 (A + B1 K)x
k .

Lemma 3 is proved in the Appendix.
4. DISCUSSION
We compare the above theoretical ﬁndings with the previous results, in particular, with those
of [20]:
—the continuous and discrete variants of the problem were considered equally, whereas in [20]
only the continuous case was studied;
—in the present
paper, instead of the operator norm of the matrix P  [20], the trace crite
rion tr CP C T was used, which enabled us to reduce the problem to the standard semideﬁnite
programming problem and thereby substantially simplify the results;
—constraint (19) on control in the form of the linear matrix inequality (20) was introduced;
—uncertainty (5) of the initial system state was included in the deﬁnition of the invariant
ellipsoid;
—a single parameter α is contained in the results obtained instead of two parameters as in [20];
—a basically new technique for proving the assertions was used: the S-procedure with two
constraints was used instead of the standard S-procedure with one constraint;
—eﬀectiveness of the results obtained was demonstrated by the example of a system of suﬃciently high order, the double pendulum problem which is discussed in detail below.
5. CONTROL OF THE DOUBLE PENDULUM
We demonstrate the proposed invariant ellipsoid-based approach to rejection of the exogenous
disturbances by the example of control of the double pendulum, that is, a system of two solid bodies
of unit masses connected by a spring of unit elastic stiﬀness and sliding without friction along a
ﬁxed horizontal rod (Fig. 1). The name of the model is due to the fact that its equations coincide
with the linearized equations describing behavior of the double pendulum.
u

w

x1

x2

Fig. 1. Double pendulum.
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Fig. 2. Invariant output ellipse.

Fig. 3. Disturbance w(t) and control u(t).
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Fig. 4. Invariant output ellipse.

Fig. 5. Disturbance w(t) and control u(t).
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Fig. 6. Invariant output ellipse.

Fig. 7. Disturbance w(t) and control u(t).

The control action u ∈ R is applied to the left body with the aim of compensating the eﬀect
of the exogenous disturbances w ∈ R acting on the right body. The disturbances are assumed
to be arbitrary but bounded at any time instant: |w(t)|  1. We denote by x1 and v1 , respectively, the coordinate and velocity of the left body, and by x2 and v2 , of the right body. Then,


T

∈ R4 is the vector of the phase state of the given dynamic system which
x = x1 v1 x2 v2
describes completely the motion of the double pendulum. The part of the output is played by the


T

∈ R2 which is characterized by the value of control and the coordinate of the
vector y = u x2
second body subjected to the exogenous disturbances.
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We consider the continuous model of disturbed oscillations of the double pendulum
⎧
⎪
ẋ1 = v1
⎪
⎪
⎨ v̇ = −x + x + u
1
1
2
⎪
=
v
ẋ
2
2
⎪
⎪
⎩

v̇2 = x1 − x2 − w,

or in the matrix form,
ẋ = Ax + B1 u + Dw,
y = Cx + B2 u,
where

⎛
⎜
⎜
⎝

A=⎜

0
−1
0
1

1
0
0
1
0
0
0 −1
C=

0
0
1
0

⎞

⎛

⎟
⎟
⎟,
⎠

⎜
⎜
⎝

B1 = ⎜

0 0 0 0
0 0 1 0

,

0
1
0
0

⎞

⎛

⎟
⎟
⎟,
⎠

B2 =

⎜
⎜
⎝

D=⎜

1
0

0
0
0
−1

⎞
⎟
⎟
⎟,
⎠

.

We note that the matrix A is not stable, but the pair of matrices (A, B1 ) is controllable, and also
B2T C = 0.
 minimizing (by the trace criterion) the invariant output ellipse was
The optimal controller K
determined using Theorem 3. At that, the SeDuMi Toolbox and YALMIP Toolbox based on the
Matlab system were used for numerical solution of the problem of semideﬁnite programming (16)
with constraints (17) and (18). As the result, for the system under consideration
 (no constraint (5)
 ≈ −2.2724 −2.3341 0.6420 −1.6564 and umax  2.8913.
on the initial state) we obtained K
Figure 2 depicts the reslting minimal invariant output ellipse for the closed-loop system with
 The same ﬁgure shows the trajectory y(t) for some choice of the initial position
the controller K.
inside this ellipse and action of the exogenous disturbance w(t) = sin(t/2) on the system. Figure 3
shows the graph of disturbances w(t) and control u(t).
Figure 4 shows the minimal invariant output ellipse under constraints (5) in the form P  I and
constraint (19) in the form of μ = 2.5. w(t) = sgn sin(t/2) was used as the exogenous disturbance.
Figure 5 shows the graphs of disturbances w(t) and control u(t) for diﬀerent values of μ.
Figure 6 shows the minimal invariant output ellipse under the constraint on control μ = 2.1.
According to Lemma 2, w∗ (t) was used as the exogenous disturbance. Figure 7 shows the graph of
disturbance w∗ (t) and control u(t).
Within the framework of this example, the discrete case of the disturbed oscillations of the
double pendulum also can be demonstrated by approximating its motion by a discrete-time model.
Therefore, the proposed method enables eﬀective solution of the given problem.
6. CONCLUSIONS
The paper proposed a simple universal approach to rejection of the arbitrary bounded exogenous
disturbances by means of the static linear state feedback. It relies on the method of invariant
ellipsoids, which reduces design of the optimal controller to the search of the least invariant ellipsoid
of the closed-loop dynamic system. The concept of invariant ellipsoids allows one to restate the
problem in terms of the linear matrix inequalities and reduce the controller design straight to
the problems of semideﬁnite programming and one-dimensional convex minimization which readily
yield to numerical solution. Eﬀectiveness of the method was demonstrated by way of the double
pendulum problem.
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We note the possible generalizations of the proposed method and the paths of its further development. The authors used the controller in the form of a static linear state feedback. It seems
possible to approach the problem by constructing a dynamic observer-based output feedback. In
contrast to the proper systems in whose output there are exogenous disturbances, the considered
systems, both continuous and discrete, belong to the class of the so-called strictly proper systems
[20] whose output has no component of the exogenous disturbances. The authors plan to investigate
these questions in future.
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APPENDIX
Assertion A.1 (S-procedure). Let the uniform quadratic forms fi (x) = xT Ai x, i = 0, 1, . . . , m,
in Rn and the numbers α0 , α1 , . . . , αm ∈ R be given. If there exist real numbers τi  0, i = 1, . . . , m
such that
A0 

m


τi Ai ,

α0 

i=1

m


τi αi ,

(A.1)

i=1

then it follows from
fi (x)  αi ,

i = 1, . . . , m,

(A.2)

that
f0 (x)  α0 .

(A.3)

Inversely, if (A.3) follows from (A.2), any of the conditions
(a) m = 1 or
(b) m = 2, n  3
is satisfied, and there exist numbers μ1 , μ2 ∈ R and vector x0 ∈ Rn such that
μ1 A1 + μ2 A2 > 0,

f1 (x0 ) < α1 ,

f2 (x0 ) < α2 ,

then there exist numbers τi  0, i = 1, . . . , m, for which inequalities (A.1) are valid.
A full proof of this assertion can be found in [25]. More detailed information about the Sprocedure—history, theory, applications to control—is given in [26].
Proof of Theorem 1. We consider the quadratic Lyapunov function
V (x) = xT Qx,

Q > 0,

built on the solutions of the system (1). Then,
V̇ (x) = ẋT Qx + xT Qẋ = (Ax + Dw)T Qx + xT Q(Ax + Dw) = xT (AT Q + QA)x + 2wT DT Qx.
For the trajectories x(t) of system (1) to remain within the boundaries of the ellipsoid


Ex = x :

V (x)  1 ,

we require that V̇ (x)  0 be satisﬁed for V (x)  1, that is,
xT (AT Q + QA)x + 2wT DT Qx  0

∀ (x, w) :

xT Qx  1,
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x w
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∈ Rn+m and

M0 =

AT Q + QA QD
DT Q
0

,

−Q 0
0 0

M1 =

,

M2 =

0 0
0 I

,

and also fi (s) = sT Mi s, i = 0, 1, 2. Then, (A.4) will be rearranged in
f0 (s)  0

∀s :

f1 (s)  −1,

f2 (s)  1.

Since conditions b. in Assertion A.1 are met, (A.4) is equivalent to the linear matrix inequality
M0  τ1 M1 + τ2 M2
for some values of τ1 , τ2 such that τ1  τ2  0, or
AT Q + QA + τ1 Q QD
−τ2 I
DT Q

 0.

(A.5)

It suﬃces to consider the case of τ2 > 0. In the case of equality, we assume that τ2 = ε > 0,
carry out the following calculations, and then make ε tend to zero. Then, using the Schur formula,
inequality (A.5) is rearranged in
AT Q + QA + τ1 Q +

1
QDDT Q  0.
τ2

By denoting P = Q−1 and pre-multiplying and post-multiplying the resulting inequality by P , we
get
P AT + AP + τ1 P +

1
DDT  0.
τ2

Therefore, the condition for invariance of the ellipsoid with the matrix P > 0 amounts to
satisfying the last linear matrix inequality for some τ1  τ2 > 0. Since it is the minimal ellipsoids
that are of interest to us,
τ2 = τ2max = τ1 .

By redeﬁning τ1 = α, we get the desired inequality (6), which proves the theorem.
Proof of Corollary 1. The ﬁrst statement of the corollary follows from Lemma A.16 [11, Appendix]: let A be a Hurwitzian matrix and the pair (A, B) be controllable. Then, for any matrix C,
the solution of the Lyapunov equation
AP + P AT + BB T = 0
under the constraint
AP + P AT + BB T  0
is that of the problem
tr CP C T −→ min .
Equation (7) is representable as
!

α
α
A+ I P +P A+ I
2
2
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and according to [11] has a unique positive deﬁnite solution if the matrix A +
witzian):
Re λi A +
that is, 0 < α < −2 max Re λi (A).
i

α
I
2

α
I is stable (Hur2

!

< 0,





It remains to prove
that the function ϕ(α) = tr CP (α)C T is strictly convex over the interval


0, −2 max Re λi (A) . According to Lemma A.13 [11, Appendix], solution of Eq. (7) is explicitly
i

representable as
+∞
"

+∞
"

0

0

P (α) =

α
α
1
e(A+ 2 I )t DDT e(A+ 2 I )t dt =
α

eαt At
T
e DDT eA t dt > 0.
α

Consequently,
ϕ(α) = tr CP (α)C

T

+∞
"

=
0

eαt
T
tr CeAt DDT eA t C T dt > 0
α

because C is the maximum-rank matrix and, therefore, CP (α)C T > 0.
We note that the function
α→


eαt
α



is strictly convex over the interval 0, −2 max Re λi (A) for all t  0, and
i

T

tr CeAt DDT eA t C T  0,
this inequality being strict for some t  0. In virtue of the continuous time-dependence of the func

T
tion tr[CeAt DDT eA t C T ], the function ϕ(α) is strictly convex over the interval 0,−2 max Reλi (A) ,
i

which proves the corollary.
Proof of Theorem 2. We consider the quadratic Lyapunov function
V (xk ) = xT
k Qxk ,



Q > 0,

constructed on the solutions of system (8). For the trajectories xk of system (8) to remain the
boundaries of the ellipsoid


Ex = xk :

V (xk )  1 ,

we require that V (xk+1 )  1 be satisﬁed for V (xk )  1, that is,
(Ax + Dw)T Q(Ax + Dw)  1 ∀ (x, w) :


Let s =

x w

T

M0 =

xT Qx  1,

wT w  1.

(A.6)

∈ Rn+m ,
AT QA AT QD
D T QA DT QD

,

M1 =

Q 0
0 0

,

M2 =

0 0
0 I

and fi (s) = sT Mi s, i = 0, 1, 2. Then, (A.6) is rearranged in
f0 (s)  1 ∀ s :

f1 (s)  1,

f2 (s)  1.
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According to Assertion A.1, for some values of τ1 , τ2  0 such that τ1 + τ2  1, condition (A.6) is
equivalent to the linear matrix inequality
AT QA − τ1 Q
AT QD
D T QA
DT QD − τ2 I

 0.

(A.7)

We note that
τ1 > 0,

τ2 > 0

follows from the matrix inequality (A.7) because Q > 0, AT QA > 0, and DT QD > 0; moreover,
τ2  λmax (DT QD) > 0. It suﬃces to consider the case of τ2 > λmax (DT QD). In the case of
equality, we assume that τ2 = λmax (DT QD) + ε, ε > 0, carry out the following calculations, and
make ε tend to zero.
Using the Schur formula, inequality (A.7) is rearranged in


AT QA − τ1 Q  AT QD DT QD − τ2 I

−1 T
D QA.

(A.8)

Since we are interested in the minimal, that is, having the greatest matrix Q, ellipsoids, and on the
other hand, DT QD − τ2 I < 0 must be satisﬁed, we get
τ2 = τ2max = 1 − τ1 .
According to the lemma of matrix inversion (see [27]),


Q−1 − (1 − τ1 )−1 DDT

−1



= Q + QD (1 − τ1 )I − DT QD

−1

DT Q,

and (A.8) may be rearranged in


τ1 Q  AT Q−1 − (1 − τ1 )−1 DDT

−1

A,

or
P  τ1−1 AP AT + (1 − τ1 )−1 DDT ,

P = Q−1 .

(A.9)

On the other hand, it follows from inequality (A.9) that
I = Q1/2 P Q1/2  (1 − τ1 )−1 Q1/2 DDT Q1/2
and




1 − τ1  λmax Q1/2 DDT Q1/2 = λmax (DT QD).
Therefore, conditions (A.7) and (A.9) are equivalent. By redeﬁning τ1 = α, we obtain (11) from
(A.9), which proves the theorem.

Proof of Corollary 2. The ﬁrst statement of the corollary follows from a statement similar to
Lemma A.16 [11, Appendix]: let A be a Schur matrix and the pair (A, B) be controllable. Then,
for any matrix C, the solution of the discrete Lyapunov equation
AP AT − P + BB T = 0
under the constraint
AP AT − P + BB T  0
is that of the problem




tr CP C T −→ min .
AUTOMATION AND REMOTE CONTROL

Vol. 68

No. 3

2007

482

NAZIN, POLYAK, TOPUNOV

Equation (12) is representable as
!

!T

1
DDT
1−α
√
and according to [11] has a unique positive deﬁnite solution if A/ α is a stable (Schur) matrix:
A
√
P
α

A
√
α

−P =−

A
ρ √
α

!

< 1,

that is, ρ2 (A) < α < 1.


It remains to prove that the function ϕ(α) = tr CP (α)C T is strictly convex over the interval ρ2 (A), 1 . According to Lemma A.19 [11, Appendix], the solution of Eq. (12) is explicitly
representable as
P (α) =

∞

k=0

A
√
α

!k

k

AT
√
α

1
DDT
1−α

=

∞


 k
1
Ak DDT AT > 0.
k
(1 − α)α
k=0

Consequently,
ϕ(α) = tr CP (α)C T =

∞


 k
1
tr CAk DDT AT C T > 0
k
(1 − α)α
k=0

because C is the maximum-rank matrix and, therefore, CP (α)C T > 0.
We note that the function
α→


1
(1 − α)αk



is strictly convex over the interval ρ2 (A), 1 for all nonnegative k and


k

tr CAk DDT AT C T  0,
this inequality being strict for some k  0. As the sum of convex
and
strictly convex functions, the
 2

function ϕ(α) is therefore strictly convex over the interval ρ (A), 1 , which proves the corollary. 
Proof of Theorem 3. We use Theorem 1 to determine the minimal output-invariant ellipsoid for
the closed-loop system (15) with bounded exogenous disturbances w(t)  1. Then, the problem
is represented as the minimization
tr (C + B2 K)P (C + B2 K)T −→ min

(A.10)

under the constraints (5) and
(A + B1 K)P + P (A + B1 K)T + αP +

1
DDT  0,
α

α > 0.

(A.11)

The variables P and K appear nonlinearly in the matrix inequality (A.11), but after the change
Y = KP it takes the form (17). With regard for the introduced variable Y , the objective function
in (A.10) can be rearranged in
f (P, Y ) = tr CP C T + B2 Y P −1 Y T B2T .
AUTOMATION AND REMOTE CONTROL

Vol. 68

No. 3

2007

REJECTION OF BOUNDED EXOGENOUS DISTURBANCES

483

To reduce problem (A.10) to minimization of a linear function, we consider the matrix
Z Y
YT P

H=

.

By the Schur formula, for P > 0 the inequality H  0 is equivalent to Z 
Y P −1 Y T . Then,

minimization of the function f (P, Y ) is equivalent to the minimization of tr CP C T + B2 ZB2T
under the constraints
Z Y
YT P

 0,

whence (18) follows with regard for (5), which proves the theorem.

Proof of Lemma 1. Since u = Kx, the constraint on the control u  μ is representable as
xT K T Kx  μ2 .
We consider an ellipsoid with the matrix P = Q−1 > 0 which is state invariant for the closed-loop
system (15). To satisfy the control constraints, we require that
xT K T Kx  μ2

∀x :

xT Qx  1

(A.12)

be satisﬁed. It is the classical S-procedure for two quadratic forms. According to Assertion A.1,
for satisfaction of (A.12) in case (a) it is necessary and suﬃcient that there exist a number τ  0
such that
K T K  τ Q,

τ  μ2 .

Since it is the minimal invariant ellipsoids that are of interest to us,
τ = τmax = μ2 .
Now, let Y = KP . Then, K = Y Q and
QY T Y Q  μ2 Q.
By pre-multiplying and post-multiplying the resulting inequality by P , we get
Y T Y  μ2 P,
which by means of the Schur formula is representable as (20), which proves the lemma.

Proof of Lemma 2. For the exogenous disturbances to “push” the system trajectories to the
boundaries of the invariant ellipsoid, we require that
V̇ (x) −→ max,
where
V (x) = xT P −1 x
be the Lyapunov function constructed on the solutions of system (13). Since




 −1 + P −1 Ac x + 2wT D T P −1 x,
V̇ (x) = xT AT
cP
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we get the problem


max

(w,w)=1



w, DT P −1 x

with the obvious solution
DT P −1 x(t)
w∗ (t) = 
.
D T P −1 x(t)
In particular, for m = 1 we get




w∗ (t) = sgn DT P −1 x(t) ,
which proves the lemma.

Proof of Theorem 4. We use Theorem 2 to determine the minimal output-invariant ellipsoid
for the closed-loop system (23) with the bounded exogenous disturbances wk   1. Then, the
problem is rearranged in the minimization
tr (C + B2 K)P (C + B2 K)T −→ min

(A.13)

under the constraints (5) and
1
1
(A + B1 K)P (A + B1 K)T − P +
DDT  0,
α
1−α

α > 0.

(A.14)

The variables P and K occur nonlinearly in the matrix inequality (A.14), but after the change
Y = KP it takes the linear form (25). Now, with regard for the introduced variable Y the objective
function in (A.13) is rearranged in
f (P, Y ) = tr CP C T + B2 Y P −1 Y T B2T .
To reduce problem (A.13) to the minimization of the linear function, we consider the matrix
H=

Z Y
YT P

.

By the Schur formula, for P > 0 the inequality H  0 is equivalent to Z  Y P −1 Y T . Then,
minimization of the function f (P, Y ) is equivalent to the minimization of tr CP C T + B2 ZB2T
under the constraint
Z Y
YT P

 0,

whence (26) follows with regard for (5), which proves the theorem.

Proof of Lemma 3. For the exogenous disturbances to “push” the system trajectories to the
boundary of the invariant ellipsoid, we require that
V (xk+1 ) −→ max,
where
 −1 x
V (xk ) = xT
k
kP
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is the Lyapunov function constructed on the solutions of system (21). Since
T  −1
Ac xk + 2wkT DT P −1 Ac xk + wkT DT P −1 Dwk ,
V (xk+1 ) = xT
k Ac P


Ac = A + B1 K,

we get the problem
max





(wk ,wk )=1





wk , DT P −1 Ac xk + wk , DT P −1 Dwk ,

which has the obvious solution





wk∗ = sgn DT P −1 (A + B1 K)x
k ,

provided that the vector of exogenous disturbances is one-dimensional, which proves the lemma. 
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